ON A CERTAIN HYPERGEOMETRIC MOTIVE OF WEIGHT 2
AND RANK 3

BARTOSZ NASKRECKI

ABSTRACT. We study a family of hypergeometric motives H(«, §|t) attached
to a pair of tuples a = (1/4,1/2,3/4), B8 = (0,0,0). To each such motive we
can attach a system of /—adic realisations with the trace of geometric Frobenius
given by the evaluation of the finite field analogue of complex hypergeometric
function. Geometry of elliptic fibrations makes it possible to to realise the
motive H (e, |t) as a pure Chow motive attached to a suitable K3 surface V5.

1. INTRODUCTION

Finite field analogues of hypergeometric functions introduced independently by
John Greene [II] and Nicholas Katz [16] provide an insight into a geometry of
algebraic varieties carrying the so-called hypergeometric motives. In this note we
discuss a first step in the explicit realisation of degree 3 and weight 2 hypergeometric
motives.

The hypergeometric sum over a finite field F, can be described in terms of two
tuples of rational numbers o and § of length d. Let g be a prime power coprime to

the common denominator of elements in «, 8. Let p1,...,ps, q1,-..,qs be integers
such that
(1.1) ﬁaﬁ—e%i‘“_(xpl—l)-...-(ajpr—l)

' izleez’”ﬂi_(qu—l)-..m(l’q-ﬁ—l).

P1, .pPT
Let M be a rational number % and D(x) a polynomial which is the greatest

common divisor of (zP* — 1) o ~u(:cpr —1)and (2 —1)-... (2% —1). The
multiplicity of e?7("/(a=1) in D(z) is denoted by s(m). Let

T+sq 2

(1.2)  Hy(a,Blt) = Z(J*s(oﬂm)ngp] Hg —qem)w(eM )™

where w is a generators of the character group on F, g(m) is a Gauss sum as
described in Section |§| and € = 1 when ), ¢; is even and —1 otherwise.

The sum Hy(o, B|t) appeared with a different normalisation in [II], [I6] and
essentially is a ﬁnite field analogue of a hypergeometric series qFy_1(«, 8]t) where
t is a complex variable

a — (@1)n - ... (@a)n
aFa—1(o, Blt) ;0 (Bi)n - (Ba)n

where 1 = 1. These functions are solutions to hypergeometric differential equation
of Fuchsian type. These equations have at each point d independent solutions
1
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which form a local system when the parameter varies. Monodromy representation
attached to such systems were studied and classified by Beukers and Heckman [4].

The link to motives comes from the fact that often hypergeometric functions
correspond to periods of algebraic varieties. Conjecturally, to the hypergeometric
datum («, 8) one can attach a family of pure motives H(«a, 8|t) parametrized by a
rational parameter t. The weight and degree can be computed directly from the
pair (a, 3), cf.[I0]. It is expected that each H(a, 3]t) is a Chow motive defined
using a suitable variety X («, 8|t) and projectors. Attached to this datum there is
a motivic L-function of X (o, 8|t). Formula Hy(a, §|t) should produce a trace of
geometric Frobenius at ¢ acting on the /-adic realisation of the motive H(a, S|t).

From the work [3] it follows that sums can be attached to point counts on
certain algebraic varieties, cf. [3, Thm. 1.5].

In this note we focus on a particular family of motives H(c, 8]t) of degree 3
and weight 2 determined by o = (1/4,1/2,3/4) and 8 = (0,0,0). In Section [7] we
explain precisely which Chow motive corresponds to H(«, 8|t) for each t € Q\ {0}.

The datum («, 3) can also be described in terms of cyclotomic polynomials @y,
of degrees ¢(k) according to formula (L.I). A family of hypergeometric motives
attached to pair (1/4,1/2,3/4) and 3 = (0,0, 0) is encoded by polynomials ®;®4, ®3
so that we write H(a, B|t) = H(®2®4, P3[t).

Family of varieties V; attached to this motive is given by an affine equation in
A3

1.3 Vi 1-— = —
(13) eyl @4y +2) =
over an algebraically closed field K of characteristic 0. Function field K; = K (V}) of
V; constitutes a function field of a K3 surface. It is convenient to make a change of
variables s = x +y. In new variables x, s, z with parameter ¢ we obtain an equation

(1.4) x(s—x)z(1 = (s+2)) —1/(256t) =0

This family of K3 surfaces is prominently present in the literature. To name a
few it appears in the work of Dolgachev [9] where it is discussed over C how it is
related to a Kummer surface attached to a product of two elliptic curves. We can’t
use directly the approach described there as all the maps are defined analytically,
hence not over Q and this does not preserve the Galois modules structure on etale
cohomology groups.

In [2I] Narumiya and Shiga deal with the same family producing maps over
certain finite extensions of Q(¢) which are algebraic but not optimal for our purpose
of describing the Galois module structure.

In Section [2| we introduce an elliptic fibration on family

3
2 _ w3, L2 2y s? (s> - 1)
(1.5) Y2=X —|—4(5 )7 X%+ o

This provides a way to compactify the surface (|1.3). We prove that those elliptic
surfaces are K3 and come with the Shioda—Inose structure, i.e. they provide a

degree 2 cover to another K3 surface which is a Kummer surface parametrized
explicitly by a pair of elliptic curves

X.

(1.6) By :y? :x3—2x2+%(175):17
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(1.7) Ey:y? =2+ 422 +2(1 + )z

where S = ,/%. We prove that the maps involved respect the Galois structure

over Q(¢) and hence for rational parameters we obtain an isomorphism of Galois
representations over Q on H?(-, Q) which allows us to describe the L-function of
the hypergeometric motive. As an application we obtain certain identity between
two different hypergeometric sums

113

o 1 51 32795 5 . 2
q ( q(6767171 m)) —q= Hq(175717070ﬂ0|1 -5 )
where we restrict to the prime powers ¢ of good reduction for our K3 surfaces.

In Section [3] we describe explicit realisation of the Shioda—Inose structure on
smooth K3 model of (L.3). This allows a precise description of the rank jumps of
the Néron—Severi rank for special parameters of ¢ as well as the computation of the
generic rank.

In Section Ml we recall some well-known formulas for the Picard rank of Kummer
surfaces. Next, in Section we describe the Néron—Severi lattice of K3 surfaces
V; for any parameter ¢, including the cases where the Picard rank jumps.

Then in Section [ we are finally able to prove the hypergeometric identities using
explicit geometry of the Shioda-Inose fibration. In Section [7] we describe in more
detail the transcendental part of /—adic cohomology of surfaces which involves
the symmetric square of cohomology of elliptic curves F; and Es. Finally, in Section
we discuss the universality of the formulas involved in terms of modular curves.

In future work we will describe how the method of realizing hypergeometric
motives H(«, §|t) of low degrees and weight 2 carry over to other choices of o and
[ when we use specific elliptic fibrations.
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2. PARAMETRIZATIONS

Using different rational functions from the function field of we can exhibit
several non—equivalent fibrations on . This is a rather typical situation for
elliptic K3 surfaces. We don’t try to be exhaustive and we only exhibit certain
fibrations, which will be used later.

For elliptic parameter s = ﬁ—fz when we eliminate y we obtain the equation
(s +1)° 2
(2.1) W—!—(s—l)x z(s(2r4+2z-1)+2—-1)=0

With respect to variables z, z equation (2.1) transforms over Q(t) into a Weierstrass
form

. 1
(2.2) Vi Xt 4o (2o 1) X4
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with
(2.3) X =2(s —1)%sx(2s0 + 52 — s+ 2 — 1),
Y = (s —1)3sa(dsx — s — 1)(280 + 52 — s + 2 — 1).

For t # 0 equation defines an elliptic curve over K (s), K = Q(¢). For t # 1 fibration
has singular fibres above s = —1 (II11*), s = 0 (Iy), s = 1 (I1I*), s* = L5 (I1)
which gives Picard rank at least 19. For ¢t = 1 we have a fibration with singular
fibres at s = —1 (IIT*), s =0 (I4), s =1 (IIT*), s = o (I3), hence Picard number
equal to 20.

Substitution s — (s—1)/(s+1) leads to an automorphism of the elliptic surface
corresponding to . After change of coordinates we get the following Weierstrass
model for the generic fibre

3 2
(2.4) Y2 = X3 4 4s2X2 @

This has the effect of moving bad fibres of type I11* to 0 and oo and fibre of type
I4 to 1, while the I fibres are moved to s = 1 — 2t &+ 2v/t2 — t for t # 1.
We compute the following change of coordinates on (|1.4)

X.

t
X=t-2
x
v — 8st(s —x)(s+2z—1)

x
which transforms equation (|1.4) into

(2.5) Y2 =X (X?+X-2(32s" — 645° + 325 — t) + 7).

For t # 0 equation is a Weierstrass model of an elliptic curve defined over
K (s). Provided that t # 1 it has singular fibres above s = 1 (type I3), s =0 (type
L), —16s* + 3253 — 1652 +t = 0 (type I1) and s = oo (type I16).

For t = 1 we get a fibration with reduction types: I for s = 0, Iy for s = 1/2,
I, for s = 1, I1 for s = 0o and I; for s — s —1/4 = 0.

For t # 1 it follows from the Euler number computation that &£ is an K3 elliptic
surface with Picard number at least 19. For ¢ = 1 Picard number equals 20

Remark 2.1. If we consider (1.4]) as a curve in variables s and z over Q(z) then we
get a fibration (for sufficiently general t) with fiber IV* at 0 and I15 at oo and four
I; fibres.

3. PRELIMINARIES ON SHIODA—INOSE STRUCTURES

Let X be any algebraic smooth surface over C. Singular cohomology group
H?(X,C) admits a Hodge decomposition

H?*(X,C) = H*(X)® HY(X) @ H*?(X).

The Néron—Severi group NS(X) of line bundles modulo algebraic equivalences nat-
urally embeds into H?(X,Z) and can be identified with H?(X,Z)N HY'(X). This
induces a structure of a lattice on NS(X). Its orthogonal complement in H?(X,Z)
is denoted by Tx and is called a transcendental lattice of X.

If X is a K3 surface the lattice H?(X,Z) is isometric to the lattice U3 & Eg(—1)?
where U is the standard hyperbolic plane lattice and lattice Eg corresponds to the
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Dynkin diagram Es. Moreover, dim H*?(X) = 1. Any involution ¢ on X such that
t*(w) = w for a non—zero w € H*°(X) is called a Nikulin involution.

As follows from [22] Sect. 5] (see also [20, Lem. 5.2]) every such involution
has eight isolated fixed points and the rational quotient 7 : X --+» Y by a Nikulin
involution gives a new K3 surface Y.

Definition 3.1 ([20, Def. 6.1]). A K3 surface X admits a Shioda-Inose structure
if there is a Nikulin involution on X such that the quotient map 7= : X --» Y is
such that Y is a Kummer surface and 7, induces a Hodge isometry Tx(2) = Ty .

Every Kummer surface admits a degree 2 map from an abelian surface A. It
follows from [20, Thm. 6.3] that if X admits a Shioda—Inose structure with diagram
then Ty = Tx. This follows from the fact that the diagram induces isometries

FIGURE 1. Shioda-Inose structure

Ta(2) 2 Ty and Tx(2) = Ty. Alternatively this is equivalent to existence of
embedding Eg(—1)? < NS(X).

Suppose now that we have a pair of elliptic curves defined by E : y? = 23 +
ax +b, E' :y? = 23+ ca’ +d. Taking a quotient of abelian surface E x E’
by automorphism —1 we obtain a Kummer surface which has a natural elliptic

fibration with parameter u = %

23 +ax +b—u?(2" + ca’ +d).

This can be converted into a Weierstrass model, cf. [I7, §2.1]

1 A
(3.1) Y2 = X% = 3acX + o (Ap,u® + 864bd + u’? ).
This induces a double curve to a surface with Weierstrass form
1 A
(3.2) Y2 = X%~ 3acX + o (Ap,u+ 864bd + B2y,
u

This is called the Inose fibration and we denote it by Ino(E, E’). It comes with a
two—cover from the Kummer surface Kum(E, E’) attached to E x E'. In [24] it is
proved that Ino(E, E’) admits a degree 2 cover onto Kum(FE, E’) which implies the
existence of the Shioda—Inose diagram with abelian variety E x E’, cf. Figure

Fibration Ino(E, E') is special in the following sense that it admits two fibres of
type I1*. We show below that we can find such a fibration on .

3.1. Shioda—Inose structure. We choose a new elliptic parameter for the equa-
3
tion (2.2)). Set X = u(s+1)3sand Y = Y’s%. We get the following equation
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in s,Y’ coordinates

st (3 +64u + 16u2) + sl <192u3 - 3“) + 52 (?’“ 1920 — 32u2>
(3.3) t t t
+s (64u3 - %) +16u2 =Y

This determines an elliptic curve with Weierstrass equation

1 t
(34) Y™ =X" - §t3(16t +9)X" + 512t%u + S + % (1024¢* — 2592¢) ¢*
(3

under the transformation
t (s (192(s + 1)tu? — 32stu + 3s — 3) + 96tu — 24Y”)
1252u ’

p o t(4tu(64(s® — 1)tu — 192s(s 4 1)%tu? + 3s(s — 1)2) + Y/ (s(64tu? — 1) + 64tu))

- 8s3u?
Curve has two fibres of type IT* at 0 and oco and four fibres of type I for
t ¢ {1,81/256,—9/16}. For t = 1 we have configuration IT* (u = 0,u = 00), I
(u = —1/8) and two I fibres. For ¢t = 81/256 we have IT* (u = 0,u = ), I
(u = 2/9) and two I fibres. For t = —9/16 we get IT* (u = 0,u = o0) and two
fibres of type IT (u = & (11 £ 5v/5))).

We want to determine parameters a, b, ¢,d of as algebraic functions of t.
From the comparison of with we obtain

(3.5) 9ac — 256t* — 144t = 0
—729bd + 16384t° — 41472t° = 0

—4c3 —27d%> — 32t = 0

—4a® — 27b* — 2048t° = 0

X/I —

Y

It defines an affine scheme in five variables with three irreducible components C, Co
and C5 over Q. Components C, Co correspond to pairs (¢, d) = (0,0), (a,b) = (0,0)
so are not interesting for us. Component C'5 defines a singular curve of genus 0, so
we may parametrize it. We compute the elimination ideal with respect to variables
a and t which produce a relation

27a® (27a® + 1024 (5126 — 414t + 27) t°) + 262144(16¢ + 9)*t'°.

We parametrize this curve in the following way

9263 (3f3 _ 281) 9156
a:3<f7(f3_279)2), :_fg(f37279)'
Change of variables f = 226 gives a nicer parametrization
8 (3g3 — 8) ; 1
a=—"" =
3¢7 (¢° — 2)* 9 (¢° - 2)

We can determine the other variables
2(3°+2)  ,_ 64(2- 9¢%)* ,_ P12(81(s° —2) g + 32)
3¢5(g° —2)° 720915 (3 -2)° T 729dg'8 (g° - 2)°
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The equation in d and g provides another genus 0 parametrization. We have
8 (9h6 — 2
— ( ) = g= h2.
27h15 (h8 — 2)

Finally we obtain the following formulas for a,b,c,d and t in terms of the new
parameter h.

8 (3h% —8) 64 (9h° — 16) 2 (315 4 2)
a = y = , c= -
3014 (RS — 2)? 27h21 (kS — 2)° 310 (B — 2)?
. 8(9n° —2) B 1
S 2T (RS —2)% T RS (RS - 2)

This is a parametrization of component Cy which provides equations of
curves Ey, Fy. However, we can optimize the equations of E; and Ey over Q. We
scale the equation for E; by g*/2 and twist by (¢°® —2)/g. Similarly we scale Es
by ¢® and twist it by (g% — 2)/g. Finally we scale the equation so that the two—
torsion point defined over Q(/(¢(t — 1))) is moved to (0,0). We conclude that a
new equation for Fj is

1
(3.6) Ey :y? :x372x2+§(175)x

(3.7) Ey:y? =2 +422 +2(1 + )z

where S = 1/%. Kummer surface attached to this new pair F4, Es is isomorphic

to the surface defined by with u replaced by u?(1 + S). This implies that we
have a degree 2 map from Kum(FE7, Es) to Ino(E1, E2) and by [24] there is also a
degree 2 map in the opposite direction that completes the Shioda—Inose diagram.
This map might be defined over some large algebraic extension of Q(¢). We will
show in Section [7.1] that this is not a problem for us, since the correspondences
defined by graphs of Galois conjugates of this map induces an isomorphism of
suitable Galois modules induced by cohomology groups.

Curves Fq and Fy are 2-isogenous, where the kernel is generated by point (0, 0)
and the map is defined over Q(S). If S is not rational then the field Q(S) is
quadratic with unique non—identity automorphism o. Curve (EY )(’2) which is a
twist by (—2) of Galois conjugate EY is equal to Es.

Remark 3.2. By a result of Kani [I5] there is no genus 2 curve C such that its
Jacobian J(C) would be isomorphic to a product of curves Ey, Fs.

3.2. Alternative Shioda—Inose structure. It is worth pointing out that if we
want only to extract j—invariants of the curves E; and FEs defined above, we can
use an alternative fibration and invoke a result of Shioda [27] which gives a different
form of Shioda—Inose fibration.

We choose a new elliptic parameter for the equation (2.2). Set X = u(s + 1)3s

3
and Y =Y’ s%. We get the following equation in s,Y”’ coordinates

st (64tu® + 16tu” + u) + s (192tu® — 3u)

3.8
(35) +s? (192tu® — 32tu® + 3u) + s (64tu® — u) + 16tu® = Y2
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This determines an elliptic curve with Weierstrass equation
512 256
(3.9) Wtu5(32tu(32t + 5du — 81) + 27) — T75(1615 + X" 4+ (X =Y
under the transformation
u (s (192(s 4 1)tu? — 32stu + 35 — 3) + 96tu — 241/ty)
352
u (4Vtu (—64 (s* — 1) tu 4 192s(s + 1)*tu® — 3s(s — 1)?) + y (—64stu® + 5 — 64tu))

X/I —

Y/I

3
s
Curve (3.9) has exactly the same fibre types as (3.4)).
We normalize equation ([3.9) to obtain its Shioda-Inose form

(3.10) y? = 2® — 3Autz + v’ (u? — 2Bu + 1).

In equation (3.9) we change the parameter u +— u/(8v/t) and perform a change
of coordinates X" = X"'r2Y" = Y"'r? withr = —2%%. We obtain equation ((3.10))

with z = X" y =Y and parameters

1

2
B= 2—7\/5(81 — 32t).

It follows that elliptic surface attached to (3.9) corresponds to a Kummer surface
with two elliptic curves given by their j—invariants ji, jo which are solutions to the
system

A3 = jija /125,
B? = (1—41/12%)(1 — ju/12%).
It follows that

(3.11) {j1, 72} = {64 (512t2 — 414t + 21/(t — 1)t(256t — 81) + 27)}

4. PICARD RANKS

For a pair of elliptic curves Ey, Es we can determine the Picard rank p(FE1, E2) =
p(Kum(E7, Es)) of the Kummer surface attached to Ey, Es Kum(E1, E2). This is
a classical result.

Theorem 4.1. Let E,E’ be two elliptic curves defined over characteristic zero
field. Then

(4.1) p(E,E') = 18 + tk Hom(E, E').

Proof. We can assume that E and E’ are defined over C. Let A = E x E’ be an
abelian variety and 7 : A --» K = Kum(FE, E’) a rational two—cover induced by
the map A — A/(£1). We have an isomorphism

7 @ Hom(Ey, Es) & Z = NS(A)

which sends (a, A, b) to (a —1)h + Ty + (b —deg A\)h’ where I'y C E x E’ is a graph
of \: E— FE',h=FE x {0} and b’ = {0} x E'. Let T4 denote the transcendental
lattice in H?(A,Z). We have rk T4 + 1k NS(A) = 6 and tk Tk + rk NS(K) = 22.
From [20, Prop. 4.3] it follows that rk T4 = rk Tk and the theorem follows. O
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t CM j—invariant CM order of curve Fy x = (2)
275.34 26 . 33 ZIv/—1] D=-1
1 26. 53 Z[V-2] D=1
—274.32 0 Z[3(1+/-3)] D=-3
—278.34. 72 -33.53 ZI=T] D=-7
2-8.34 -33.53 ZIV-T) D=1

TABLE 1. Rational j—invariants

Lemma 4.2. Let E, E’' be two elliptic curves that are isogenous. Then Hom(E, E")
is a rank 1 projective module over End(E, E).

Proof. Let A : E — E’ be an isogeny. Pick a prime ¢ such that ¢ { degA\. The
map @ : Hom(E, F') ® Zy — Hom (T, E,T;E’) is an isomorphism and since deg X is
invertible in Zy, ®()) is an isomorphism. That implies that Hom(FE, E’) is a rank
1 projective module over End(F, E). O

Curves E7 and E5 described by and respectively are Q(S)—isogenous.
so we have p(E7, Ey) > 19. If they have complex multiplication then p(E7, Es) =
20, otherwise p(E1, E3) = 19. In general there are countably many parameters ¢
such that p(E1, E3) = 20, cf. [I8]. We classify here only those parameters that lie
in Q.

Corollary 4.3. Lett € Q* be a parameter and let p(V;) = 20 for the K3 surface
determined by (1.3]). Let S1, So be two finite sets such that

Sy ={275.3%1,—27%.32 —278.31.72 278 .34}

Sy ={3%3%.11%, -2 .3, 22 3% —20.3% .5 74 —22.3% 3%.11% —22.3%. 74}

Then t belongs to S1USy and when t € Sy then the j—invariant of curves (3.6)),(3.7)
is rational, otherwise it is quadratic over Q.

Proof. The rank p(V;) of the Néron—Severi group is a birational invariant, hence
it remains the same for the Shioda—Inose fibration . But this elliptic surface
admits a Shioda-Inose diagram (Figure [1) with A = E; X E5. So by Theorem
[41] and Lemma [£.2] it follows that we only look for the CM curves Ej, Ey with
parameter ¢t € Q*. By formula it follows that the j—invariant is rational or
quadratic over Q. It is well known, cf. ([29) Appendix A, §3]) that there are only
13 rational CM j—invariants, namely

0,2%.33%.5% —215.3.53 26.33
23.3%.113,-3%.53,3%. 5% . 173,20 . 53,
_9l5 _915 33 _918 33 3 _9l5 33 53 113 _918 33 53 933 993
By a result of Daniels—Lozano-Robledo there are exactly 89 quadratic j—invariants,
cf [8, Table 1]. Using SAGE and commands cm_orders, hilbert_class_polynomial

we can compute all rational parameters ¢ that produce CM—curves. They are
recorded in Tables O
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t Q(j) =Q(S) Ag, CM order Rk of curve By x = (£)
32 Q(v?2) —24 Z[/—6] D=-3
3*.112 Q(v?2) —88 Z[V/—-22] D=-11
—24.3 Q(vV3) —36 Z[3y/—1] D=-3
-2? Q(v3) —20 Z[V/-5) D=-1
31 QW5  —40 Z[y/=10) D= -2
—26.3%.5 Q(v/5) —100 Z[5y/—1] D=-5
& Q(V6) —72 Z[3v/ 2] D=-3
—22.31 Q(V13) —52 Z[\/—13] D=-1
38114 Q(v29) —232 Z[v/—2 - 29] D=-2
—22.34.7%  Q(V/37) 148 Z[/-37] D=-1

TABLE 2. Quadratic j—invariants

5. NERON-SEVERI LATTICE

In this section we determine the Néron—Severi lattice for each member of the
family for t # 0 in field of characteristic 0. Elliptic fibration given by is
a convenient fibration to perform the calculations since it has the lowest possible
Mordell-Weil rank.

Lemma 5.1. Lett € C\ {0}. Generic fibre E; of family (2.2)) satisfies the equality
Ey(C(s)) ={0,(0,0)}

when the (3.6) does not have complex multiplication, otherwise

Ey(C(s)) ={0,(0,0)} & (Q)
where the group generated by certain point Q; is isomorphic to Z.

Proof. Let us denote by G the group E;(C(s)). From the description of singular
fibres it follows that the torsion elements in GG can have only orders 1 or 2. From
the Weierstrass equation of we see that the only two—torsion point is (0, 0).
From a result of Shioda [26, Thm. 1] (see also [I7, Prop. 3.1]) it follows that
the Mordell-Weil rank of generic fibre of (3.4) is equal to rk Hom(FE, Es) where
by abuse of notation E; denotes the curve and Fy denotes the curve (3.7)).
For parameters t such that curves Fy, Fs do not have complex multiplication we
have rk Hom(FE1, E») = 1 since the curves are connected by an isogeny, otherwise
rk Hom(E;, Ey) = 2. Shioda-Tate formula [25, Cor. 5.3] applied to implies
that in the non—CM case we have Picard rank 19 for the elliptic fibraiton given by
and Picard rank 20 in the CM case. Since and determine different
fibrations on the same elliptic K3 surface, the Picard ranks are the same. Now
application of Shioda—Tate formula to implies that E;(C(s)) has rank 0 in the
non—CM case and 1 otherwise. (]

5.1. Explicit Mordell-Weil lattice. Using the algorithm in [I7, §3.1] we produce
an explicit section on the surface defined by (3.4). We observe that Hom(E1, Es)
contains a unique 2—-isogeny ¢ such that ker ¢ = ((0,0)). Elaborate computations
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on the Kummer surface reveal that point (); such that
~128tu(u(32t(3(u — 2)u +1) — 3) —3) +3

wQ) = 76812
(1 — 64tu?) (64tu(2u(32t(u — 2)(u — 1) = 1) = 3) + 1)
lies on the curve and is of infinite order. When FE; is not CM, then it is even
a generator of the free part of the geometric Mordell-Weil group. Otherwise it is
complimented by another section which together with this point forms a group of
rank 2 (only in the case when ¢ # 1).

5.2. Explicit Néron—Severi lattice. The Néron—Severi group of an elliptic fibra-
tion comes equipped with a non—degenerate pairing which derives from the inter-
section product, cf. [25], §2]. For elliptic fibrations with a section the Néron—Severi
group is free abelian and forms a lattice equipped with the intersection pairing.
In characteristic zero the Néron-Severi lattice NS(X) of surface X embeds into
H?(X,Z) in such a way that the intersection pairing becomes the cup product. It
follows that if X is a K3 surface the lattice H?(X,Z) with cup product pairing
is isometric to lattice Eg(—1) @ Eg(—1) @ U @ U @& U where Eg(—1) denotes the
standard FEg—lattice with opposite pairing, corresponding to the Dynkin diagram
Eg. The lattice U is the hyperbolic lattice which is generated by vectors z,y such
that 22 = y?> =0 and z.y = 1.

It will be clear from construction below that translation by two—torsion point
(0,0) on the elliptic surface induces a Nikulin involution, cf. [30]

Theorem 5.2. Let t € C\ {0} be such that the curve does not have com-
plex multiplication. Then the K3 surface determined by the affine equation Vi has
Néron—Severi lattice isomorphic to Eg(—1)?> ® U @ (—4) and transcendental lattice
isomorphic to U & (4).

Proof. The Néron—Severi group of an elliptic surface is spanned by components of
singular fibres, images of sections and one general fibre. It follows from Lemma [5.1]
that the Néron—Severi lattice N of elliptic surface is spanned by components
of fibres and two sections corresponding to points O and (0,0).

We denote by F' a general fibre. All fibres of the fibration are algebraically
equivalent and satisfy F?2 = 0. The fibres corresponding to reduction types I1T*
have each eight (—2)—curves as their components, intersecting in a way governed
by the extended Dynkin diagram E;. We label for one of them components by
letters eg, ..., er where ey is the unique component intersecting the image of the
zero section O and e; being the only other simple component of the corresponding
fibre. For the other III* fibre we denote components by fo,..., fr and where f;
and fy are simple components in the fibre and f7 intersects 0. For the fibre of
type I, we denote the components by 7, .. .,v3 where 7 intersects 0. The section
(0,0) has simple intersection with components ~s, fo and e7. From [25] Thm. 1.3]
the trivial lattice Triv spanned by components of singular fibres not intersecting
O, O and F is not primitive in N and the quotient of both is of order 2 where the
non—trivial coset is spanned by the image of (0,0). Hence

N = <07F> + <f07‘ . ',f6> + <61, .- .,€7> + <71a72773> + <(0ﬂ0)>
Let a = 2eq + 4eg + Ges + 3eq + bes + 4eg + 3e7 + 2(0,0) be an element in N. Let
Ly =0, f1,...,f7), La = (e1,...,e7,(0,0)) be two sublattices in N. We observe
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that they are isometric to Eg(—1). Finally let U; denote a sublattice in N generated
by 3 + « and 2. It is isometric to U. Finally we need a lattice of rank 1 spanned
by v = v1 —2(y3+a) — 2. It is easy to check that (v) is isometric to (—4). Finally,
we observe that lattices Ly, Lo, Uy and (7) are pairwise orthogonal and the lattice
L defined as

(5.1) L=Li®LoUi&(y)

is a sublattice of N of discriminant —4 and rank 19. Hence, it is of finite index in N.
The discriminant of N can be easily computed with [28, §11.10] since we know the
singular fibres of fibration and also the structure of the Mordell-Weil group
due to Lemma It follows that N has also discriminant —4. Since L is of finite
index in N it is actually of index 1 and hence L = N proving the first part of the
theorem. It follows from [20, Thm. 2.8] and [20, Cor. 2.10] that there is a unique
primitive embedding of N into Es(—1)? & U3. Hence, the transcendental lattice
must be isometric to U ¢ (4).

Eg(—1) lattice

FIGURE 2. (—2)—curves in Néron-Severi lattice of V; for generic ¢
with 27" = O and Eg(—1) lattices highlighted

O

Remark 5.3. We note that theorem has been proved by other methods in |21, Thm.
4.1], see also [9].

For t = 1 we check that the elliptic surface determined by has Picard rank
20 and its Néron—Severi group is spanned by components of singular fibres and the
unique two—torsion section.

For t € C\ {0,1} such that the curve has complex multiplication we have
that the generic fibre E; of family has Picard rank 20 and hence by Lemma
the geometric Mordell-Weil group F;(C(s)) has rank 1. Point P which generates
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the free part of the Mordell-Weil group corresponds to a section of elliptic fibration
(2.2) and its image gives an element in the Néron—Severi lattice of V;. Replacing
the generator P by =P or £P + (0,0) we can always assume that the correspond-
ing section do intersects curve f; from Figure [2| and one of the curves 7,2, 3.
The latter follows from the fact that addition of (0,0) translates the intersection
component by index 2 and multiplication by (—1) gives the opposite component.
So we can assume without loss of generality that the generator P that we choose
satisfies all the above conditions. We say that such a generator is optimal. Lattice
L from the proof of Theorem together with the image of section corresponding
to P spans the Néron—Severi lattice in the complex multiplication case.

Lattice pair Néron—Severi lattice L; Transcendental lattice L;-
(Lo, L§) | Bs(-1)?@Ue ( 54 —4 _Ozp.o ) ( 3 4+8P.(9 >
(L1, L) | Bs(-1)?eUo < _14 9 _12p_o > ( 411 2+;P.(9 >
(L2, Ly) | Es(-1)? @U@ < _24 —4 72213_0 ) < ;1 4+§P.(9 )
(La, L) Ey(-1)2 0 U @ (-2) ® (—4) (2) @ (4)

TABLE 3. Néron—Severi lattices for Picard rank 20 surfaces V;

Theorem 5.4. Lett € C\ {0} be such that the curve (3.6))has complex multiplica-
tion. Then the K8 surface determined by the affine equation Vi has Néron—Severi
lattice and transcendental lattice isomorphic to one of the pairs in Table[3

Remark 5.5. We will show later that case (L1, Li) is not possible for parameters

t e Q*, cf. Lemma

Proof. Assume that t # 1. The Mordell-Weil group E;(C(s)) comes equipped
with height pairing (-, -} which is symmetric and non—negative and differs from the
intersection product of section in the Néron—Severi group according to Shioda’s
height formula, cf. [25) Thm. 8.6].

(P,Q)=2+P0O+QO0-PQ-)Y c(P.Q)

where P,Q € E;(C(s)), the rational number ¢,(P,Q) depend only on the com-
ponents which the sections P and Q intersect at the fibre above v. The numbers
¢y (P, Q) are zero for all non—singular fibres. Otherwise they are described explicitly
in [25], §8]. We call the value (P, P) the height of P. In our situation it follows that
when a generator P of E;(C(s)) is optimal then

3 3 3
<P7P> =44 2po — 5?987 - 5(1 _pf7) - ipgz — DPgs
where p, = P.h is the intersection number of section P with element h from

the Néron—Severi group. The discriminant of the Néron—Severi lattice N equals
—4(P, P). We will show now that the lattice spanned by L from ({.1) and by the
image of P is equal to N. We call this lattice L. For L we have an ordered basis

{bi}izl ..... 19 — {f17'~'af770a617~~-,e77T = (0>0)773 +C¥,"}’2,")/1 - 2(73 +Oé) 7’)/2}-
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For lattice L in terms of basis {by,...,big, P} we pick another vector P such that

P =(4,8,12,6,10,8,6,3,0,0,0,0,0,0,0,0,0,0,0,1)
+pr-(0,0,0,0,0,0,0,0,2,4,6,3,5,4,3,2,0,0,0,0)
+ pe, - (0,0,0,0,0,0,0,0,4,8,12,6,10,8,6,3,0,0,0,0)
+p0(2,4,6,3,5,4,3,2,0,0,0,0,0,0,0,0,0,0,0,0)
+ (=Pry, — 2(3pe, + 2pey)) - b7
+ (=(3pes + 2Pes + Prys)) - bis
+ (=Per = Pes — Pys — Prs) - b1o.

Using the intersection paring on L we can show that

T _ 2 —4 72]967 + 3p’Y2 + 2]973

L=E(-)"oheo ( —2pe; + 3pys + 2Dy, —26 )
where 6 = =2 —pr(3+pr) + Dy, +Drys +Per (2+ 3P0 +2D+,) + P (DT + Py +2D75)-
This follows from a simple algebraic computation and the fact that p?yi = Dy,
Py Py = 0ij, pz7 = Pe, since all those values pp, belong to {0,1} and the section P
hits a unique component at each fibre with multiplicity 1. From our assumptions
pf, = 1 and p,, = 0. From the properties of the pairing on E;(C(s)) it follows that
(P,T) = 0 and since we work in characteristic zero we have that 7.0 = 0. Then
we get the relation

1

3
Pr =2+ Po = 5Per = (5Py: + Pys)-

This implies that § = 1(8+43p,, — pe, (1+6p,, +4p,,) +4po). Since § is an integer,
we get a restriction on admissible tuples (pe,,Py,, D). It follows that p., = p,,
and for p., = 0 we can have pgy, € {0,1} but for p., = 1 we must have p,, = 0.
We observe also that the discriminant of L is equal to —4(P, P) hence N =
L. Now we can easily identify which lattice structure occurs for N To compute

(pewp’Ys) N
(0,0) N =L
(1,0) NI,
(07 1) NZ= L2

the transcendental lattice we observe that [20, Cor. 2.10] implies that N embeds
uniquely into the K3 lattice Eg(—1)% @ U3. To compute the transcendental lattice
N+ we have to compute the orthogonal complement of the lattice spanned by z,y

with Gram matrix
2a b
b 2

embedded in U2, Let ag, a1, B0, 51 be a basis of U? such that a? = 32 = 0 and
a;8; =0, par = 1 = SpB1. Then the embedding ¢ such that ¢(x) = acg+a1+b0o,
d(y) = ¢Bo + S1 gives an isometric lattice and we compute that its orthogonal
complement is spanned by ag — aa; and bay + ¢Sy — f1 with Gram matrix

—2a b
b —2c J
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We get immediately each transcendental lattice L;- in Table [3| which corresponds
to a Néron—Severi lattice of type N = L;.

Now, for t = 1 we can modify the argument above. We check that in terms of
fibration we get two IT* fibres and one I, fibre. Finally the group of sections
is spanned by the point (1 defined in Section [5.1] This point has height 4 and
we check by discriminant formula that is generates the Mordell-Weil group. It
intersects all fibres at the same component as identity section . Shioda’s height
formula implies that Q1.0 = 0 so the Néron—Severi lattice has structure

Eg(—1)® Es(—1)® A1 ® (O, F,Qq).

Lattice (O, F, Q1) with basis {O, F, Q1 — O + 2F'} has structure U; @ (—4). This
implies that the Néron—Severi lattice equals Ly from Table [3] and then the tran-
scendental lattice is Lj since we embed (—2) @ (—4) into U?2. O

6. HYPERGEOMETRIC IDENTITIES

In this section following [3] we relate finite hypergeometric sums to trace formula
for f-adic etale cohomology of the desingularisation of . We adopt the notation
for Gauss sums and hypergeometric sums used in [3].

Let F, be a finite field. We fix a non-trivial additive character ¢, : (Fq, +) — C*
on Fy. For any multiplicative character x : Fy — C* we define a Gauss sum
attached to x and ),

(6.1) 900 = Y x(@)thy(x).

mGF;

For any additive character ¢ we can find an element a € IF7 such that () = ,(az)
for all z € IF,. It follows that

(6.2) 90, ¥) = x(a)g(x, 1q)-

We denote by w a generator of the group of multiplicative characters on IF,. We
denote by g(m) a Gauss sum g(w™,v,). We will see that a slight ambiguity in the
notation caused by the choice of an additive character in g(m) will disappear in the
finite hypergeometric formulas due to cancellations and .

For affine variety over a finite field F, we can count a number of points
over I, using hypergeometric finite sums as in [3, Prop. 4.3]. It follows that

q—2
(63) WE| = ED] = (g =17+ g S olamlgm)el )™
m=0

The sum on the right-hand side does not depend on the choice of a fixed additive
character 1,. Affine variety V; has a non-singular projective model as described
in [3 §5]. We do not use this model. Instead we analyse an elliptic fibration
attached to . This family of elliptic curves corresponds to fibration on V;
defined by parameter s = % Using the theory of elliptic surfaces we can construct
a relatively minimal non—singular projective model &; of which has a fibration
7 : & — P! and the generic fibre corresponds to an elliptic curve given by .

Lemma 6.1. Let g be a prime power not divisible by 2 and let t be a rational number
with numerator and denominator coprime to q. Assume also that t —1 # 0(mod q).
Then

E(Fq)| = 22q — 2+ [Vi(Fg)|.
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Proof. Fix a prime power ¢ and a rational number ¢ which satisfy the assumption
of the lemma. Let V = V; and let V, denote a curve over I, such that

Verayz(l—(z+y+2)) - 0, z+y=s(r—y)

256
for s € F,. For s = (1:0) € P!(F,) we define

Veizyz(l—(x+y+2)) — 0, 0=x—y.

256t

Let ¥ denote the set {—1,0,1,+,/5} C F,. For s € P*(F,) \ ¥ the variety Vi

is an affine model of an elliptic curve. Its Weierstrass model Ej is given by (2.2]).
The birational change of coordinates (2.3) implies that for s € F, \

|B(Fy)| —2, —=5t ¢ (F))?
|BS(Fy) — 4, —*5t € (F))?

t

(6.4) Vs(Fg)| = {

In the first line the difference comes from the zero point on E4(F,) and two—torsion
point (0,0). Under the condition in the second line two additional points { R, — R}
on E4(F,) exist that do not map to any point on V,(F,).

For s = (1:0) € P}(F,) we have a similar criterion

E(F,)| —2, —t¢ (FX)?
(6.5) V(o) { EL(F,)| — 4, —t € (FY)
For s = +1 it follows that V,(F,) = 0.

For s = 0 we get a singular curve V) with projective closure Vg : —2%2(Z — z) =
aZ where a = 52-. It has a parametrization ¢ : P! — Vj

S
r)(ar 3
o(f 1) = ((1 oy (2 -ty OO D)

[\v]

(f+r)(ar+ f) (f2 —ar2)> .

Map ¢ is a morphism and its inverse ¢! is only rational with base points at
B={(a—1:-1/(a—1):1),(0:1:0),(1:0:0)} where the last two points are
singular on Vj. It follows that

Vo(F,) = BU{r(f:1): f € Fy\ {~1,—a, £a}},

so we get
q— 3 at € (]FX)Q
Vo)l = { ),
? q— 1 at ¢ (F;)
For each s such that s = ﬁ we get a singular curves Vs. We have t = S;il

and since s = % we obtain after simplifications
Vi (148)2 +2822%2(—1 — s 4+ 252 + 2 + s2) = 0.

Its projective closure Vj is a singular curve of degree 4 and genus 0. There are two

singular points {(0: 1:0), (%2 : 1 :1)}. A parametrization is given by morphism
¢ : Pt — V, with

4s " 4 -
1) (872 —4fr+72)° 4
o(f:r)= <(s+ ) f128s frert) :—&:%r(ﬁ—r) (8f2—4fr+r2)>.
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Base locus of the inverse ¢~! contains three points {P;, P>, P3} such that

1155&,1) :(b(i (2+v=2):1)

P2:(0:1:0):¢(£(1j:\/—71):1)
1+s 1
5 :1:0):(;5(5:1)
We also have ¢(1:0) = (1:0:0), hence
VilFg) = {PYULS(F 1) f €y \ {3, 20+ V),

To simplify notation we introduce

P1:(

P3=(

(2+v-2)}}

| =

n ,me (Fy)?

s = 6 g e
The number of F, points on V; is given by the formula
(6.6) Vo(F )l = q— 8(2,—1) — 3(2,-2).
Since variety V is fibred over P! we have
|V(Fq)| = |V00(Fq)‘ + 51+ 52
where S1 =37 cp \5 [Vs(Fg)| and Sz = 3° 5 [Vs(Fg)|. The sum Sy splits into

2—-1

Si= Y |E(Fy)|—-2|{s:s €F,\ T} —2[{s:s € Fy\ T,
sEF \X

S1,0 S14

It follows easily that S; 9 = —2¢ + 6 + d(4, ﬁ) For S1,; we observe that

752—1
SEFG\Z q

hence S11 = —N(1 = X2+tY?)+2+6(2,1)+6(0(4, —1), 715) where N(1 = s*+ty?)
denotes the number of IF,-—rational solutions to the equation 1 = X 24tY2. It follows
from [I3] Chap. 8, §3] that N(1 = X2 +tY?) =q— (_Tt)

It follows that

(6.7) Y IE(F) = V(E) ~ Alg, )

s€P!(F,)\D

where

t —t
A(g,t) = =2+6(=2,~1) =20 +6+0(4, —) — g+ (q) +248(2,1)
(6.8) B
t t
+6(5(47 _1)7 m) +q- 1+ 5(_27 t) + 6((1 - 6(27 _1) - 6(2a _2)7 m)

It simplifies to the form A(gq,t) = —2¢+4+06(2qg +4 + 6(—4,—2), ﬁ)

A simple analysis of Tate’s algorithm [29], TV §9] allows to deduce that all com-
ponents in singular fibres above s € {—1,0,1} in elliptic fibration 7 : & — P! are

defined over Q(t). For s such that s* = 5 the irreducible nodal curve is defined

over Q(4/ t_%) Fibres at s = +1 correspond to extended Dynkin diagram E7, so




18 BARTOSZ NASKRECKI

fibre E, of m over Fy has 8(¢+1) —7 = 8¢+ 1 points. For s = 0 we have singularity
that correspond to As diagram hence Eo(Fy) = 4(¢+ 1) — 4 = 4¢. Assume now

that s = 47 In that case we have a nodal singular point and the fibre of 7 at so
is irreducible. An affine equation of Ej, is
1
2

Yo = W cx(8z(t —1)2 + 1)%

Change of coordinates 2’ = z - 8(t — 1)?, y = y - 16(¢ — 1)? transforms Ej, into
C:2(y)? =2/ (' + 1)

Its projective closure C is a singular genus 5 0 curve with singular point at (=1:0:1)

and parametrization morphism ¢ : P* — C

O )= (r e 5 F@f 407 ).
Its inverse ¢! is a birational map with base scheme having one closed point at
(=1:0:1). Since ¢p(+v/1y/=2:1) = (=1:0:1) and ¢(1:0) = (0: 1 : 0) we have
O(F,) = {(~1:0:1),(0: 1:0)} U{(f: 1): f € F, \ {
Hence we obtain the formula for number of points on E, over F,
|Eso (Fg)l =2+ q +6(-2,-2).

A sum over bad fibres gives the total number of points

3

1
=

t

> E(Fy)| = 20g + 2+ 6(2q + 4 + 6(—4, -2), —)
sEX -
Combining the previous equation with (6.7)) proves the lemma. O

For a fixed prime ¢ and surface & we denote by H; the cohomology group
Hgt((é't)@, Q¢). The cocycle map ¢ : Pic(&) — Hi(1) maps divisors on & to
elements of H; so that the map respects the Galois action on both sides and the
action on the right—hand side is twisted ((-)(1) denotes the Tate twist). We call by
H{ the image of ¢ and by H!" the orthogonal complement (with respect to the cup
product on Hy) of H. Tt follows that the dimension of the space H{'™ is equal to
the rank of Néron—Severi group of &. For parameters t € Q which are sufficiently
general (not the on in Tables [1] and [2)) the rank is equal to 19. Since the surface
& is a K3 surface it follows that dimg, H; = 22, so dimg, H{" = 3. Otherwise,
the trascendental subspace H}" has dimension 2. Moreover the action of geometric
Frobenius Frob,, for p # ¢ on H is by multiplication by p. This follows from
the fact that the space is spanned by images of the zero section, general fibre and
components of singular reducible fibres above s € {0, =1} which are all defined over

Q.

Lemma 6.2. Let ¢ be a prime and p be a prime (£ # p) of good reduction for the
elliptic surface & and n > 1 a positive integer. Surface & over F, is of K3 type
and it follows that

|E(Fpr )| = 1+ p" +19p™ + t(n) + d(n)

where t(n) is the trace of operator Frob, acting on H{" and d(n) = +p" for
dim H}" = 2 and 0 otherwise.
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Proof. Let g = p™. Surface & is of K3 type in characteristic zero. This follows from
the properties of the Weierstrass model of &;: it is a globally minimal model and
from [23], Thm. 1] it follows that the Euler characteristic x (&, Og, ) for the structure
sheaf Og¢, is equal to 24 for any ¢. This follows from explicit computation using the
Tate’s algorithm and [25, Thm. 2.8], [12, Chap. V, Rem. 1.6.1]. In characteristic
zero it follows that the singular cohomology of &; satisfies the conditions

Hging(gta C) =C= H4

sing(gta (C)
HL: (&,C)=0=H2 (&, C),

sing sing

HE.(&,C) = C*.

For the proof, cf. [2, VIII, Prop. 3.3] From [I SGA IV, Exp. XI] it follows that
the same assertion holds for /-adic cohomology if we replace C with Q,. Since we
have good reduction at g, those properties remain for the base change to IF,. Let
& = (&)E. Frobenius endomorphism acts on HY, (&, Q,) by multiplication by 1

and by Poincare duality the action on HZ (&, Q) is by multiplication by ¢?, cf.
[19, Chap. VI, Thm. 12.6]. For HZ(&;, Q) the action of Frobenius on classes
corresponding to algebraic cycles defined over F, is by multiplication by ¢. In
particular, this is true for all classes coming from reducible fibres of & — P! since
the components of the fibres are all defined over Q and after base change, over F,
(as was checked by Tate’s algorithm).

The contribution from reducible fibres, zero section and a general fibre to HZ (&, Q)
has dimension 19. Characteristic polynomial of Frobenius has the form (z — ¢q) f(z)
where f(x) € Z[z] and all its roots have absolute value ¢ by Weil Conjectures. Since
its degree is odd, it follows that f has a real root, so it must be f(+g) = 0.

Now Lemma follows from the application of Lefschet’s Trace Formula for /—adic
cohomology (cf. [19, Chap. VI, Thm. 12.3]). O

Lemma 6.3. Suppose that t € Q* and that the Picard rank of & is 20. Either
d(n) = p™ for all n and p of good reduction or there is a quadratic character x
corresponding to a degree 2 subfield of Q(\/(t — 1)/t,w), where Ey, Ey have complex
multiplication by an order in Q(w) such that d(n) = x(p)p™ forn odd and d(n) = p™
for n even.

Proof. In this proof we call by F,, := F gll) g, @ natural elliptic fibration obtained
from the model g(z1) = u™ f(x2) where f and g are polynomials that define Weier-
strass models of Fy, F5. We already considered above the Inose fibration (3.4
which is F; (up to change of coordinates over Q(+/(t — 1)/t) and Kummer fibra-
tion which is Fy. From [26], [I7] it follows that if E; is not isomorphic over Q to
F there is an isomorphism
G HOHl(EhEQ) — Fl(@(u))

such that it sends an isogeny ¢ to a point Py in such a way that (P, Py) = deg ¢
and the height pairing

(6,) = 5 (deg(6 + ¥) — deg ) — deg )

maps to 2(Py, Py).
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Suppose ¢t = 1 or ¢t = =, then curves Fy and E; are isomorphic over Q(v/—2)
or Q(v/—7,/5), respectively In this case we check directly that there is a rank 20
subgroup in NS(&;) of the fibration so indeed d(n) = p™ in this case.

Now suppose t € Q \ {0,1}. Then the curves Ej, Fy cannot be isomorphic
over Q so the map © is an isomorphism. Assume that E; and F have complex
multiplication by an order Rx = Z[w] with K = Q(v/—d). Suppose that Ry =
End(Es, Es) in a natural way, i.e. « — [a] where [a] is an isogeny of degree
Nk g(a). The curves E; and E3 are connected by a two-isogeny ¢ defined over
Q(\/(t=1)/t), so over L = K(/(t —1)/t) we have two isogenies: ¢ and [w] o ¢.
They generate points P and P,, respectively under the map ©.

Since End(Es, E2) 0o ¢ is a finite index sublattice in Hom(E1, Es) then the lattice
(P, P,) is also of finite index in F;(Q(u)). In fact, by construction [I7, §3] of map
O those points are defined over L. Using the model we have that P is defined
over Q(u), cf. The Mordell-Weil group Fy(Q(u)) is free abelian of rank 2 so

the Galois group Gg = Gal(Q/Q) acts on the subgroup spanned by P and P, in

the following way
o ( 1 k(o) )
0 x(o)

where x : Gg — {£1} factors through a finite quotient x : Gal(K'/Q) — {*1}
with [K’ : Q] < 2. The Néron—Severi group NS(Fy) is spanned by 19 divisors
defined over Q which was checked using the model . So we conclude that for
prime p of good reduction for F; and prime ¢ # p the image of NS(F}) ® Q, in
H Et((Fl)?p,(@g(l)) is spanned by 19 classes generated over F, and one class with
Frobenius eigenvalue corresponding to the character . (I

Corollary 6.4. Let t € Q* and x be as in Lemma . Then for each t the
character x is computed in Table [1] or [3 Moreover, we determine the explicit
Mordell-Weil lattice of fibration and hence determine the type of Néron—Severi
lattice of &. The results are described in Table[3

Proof. We provide a proof in the form of a pseudoalgorithm which was implemented
in MAGMA [5] (files available on request).

e For each fixed t € Q* we check what is the field of definition L of F; and
Es.

e We compute the 2-isogeny ¢ with kernel spanned by (0,0). Suppose that
E; and E, are not Q-isomorphic. Then we check what is the CM field K
of E; and CM is by order R = Z[w].

e Over compositum KL we compute the isogeny [w] o ¢ by factorizing the
division polynomial of Ey of Nk /q(w)-torsion. This produces two isogenies
¢,y from F; to Es.

e We compute the Gram matrix with respect to pairing (-, -).

e The lattice spanned by ¢, 1) is of finite index in Hom(E;, E5). We compute
its saturation. We use the fact that Hom(F7, Fs) is torsion—free hence every
element is defined over K'L.

e Now, for the basis «, § of Hom(E;, E5) we reduce all morphisms module a
prime ideal in K'L above p of good reduction for the surface &.

e For such a pair «,, 8, we use the algorithm of [I7, §3.1]. We construct
from that a pair of points P,,, Pg, on curve which span a basis of

reduction of F1(Q).
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e We produce such pairs of reduced points for several primes p. The field of
definition of the point is Ff, when x(p) = —1 and F,, when x(p) = 1.

e We compute all quadratic subfields Q(\/ﬁ), D squarefree, of KL and after
comparison with sufficiently many primes we conclude with one choice of

D.
O
9 a b

t NS(&) = Es(-1)’eUe ( C)
275.31 [a,b,c] =[—4,0,—4]

1 [—2,0, —4]

—274.32 [—4,2, —4]

—278.3%. 72 [—4,2, 8]

278.34 [—4,2, 8]

32 [—4,0,—6]

3112 [—4,0, —22]

—24.3 [—4,2, —10]

—22 [—4,2, 6]

34 [— 4,0,710]
—26.3%.5 [— 4,2,—26]

™ [—4,0,-18]

—2%-31 [ ' 2, ]

38114 [—4,0, —58]
—22.34.74 [—4,2, —38]

TABLE 4. Néron—Severi lattice of &; for rational CM cases

We combine now previous results to prove the following

Corollary 6.5. Let ¢ be a prime and p be a prime (¢ # p) of good reduction for
the elliptic surface & and n > 1 a positive integer, ¢ = p™. Let t(n) and d(n) be
defined as in the Lemma[6.3, then

1 =2 1
t d(n) = m,
() +d(m) =~ + ()
Proof. We combine Lemma |6.2[ with Lemma and equation (|6 . O

We need an explicit hypergeometric function

Hy(g 25310 1—2 g g (6m)g(m)g(~4m)g(~3m)s(~ 5 )"

where s(m) is the multiplicity of 2™/ (4= in (z — 1)?(z + 1)(z> + = + 1).

Theorem 6.6 ([3, Cor. 1.7]). Let g be a power of a prime not divisible by 2 or
3. Let E,yp : y?> = 23 — ax + b be a Weierstrass model for an elliptic curve with
a,beF,\0. Then

27b*

_ 51 32
[Ba(Fa)] = g+ 1= w(a/b) 0 2qH, (0 00 11 s )-

1
6’
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Corollary 6.7. Lett be a rational parameter and q a power of prime coprime to
6 and such that & has good reduction at q. Moreover, assume that S? = % has
solutions over Fy. Then

(6.9)
2
151 32(7+95)? 1 - 1
2 2 m
H(=,=;=, - |—=%))" —qg=—= (4 .
Proof. We observe that the j—invariant of E, ; satlsﬁes =1- 0] E . We put

2
curves and ( into this form and find that 247;’: = 2((‘:)7f39;)3 . F1X a prime ¢
Coprime to q. Then from trace formula we have

U = Tr Frob| Sym® H,((Ev)g,, Q) = o® + 5 + af8

where (z — o)(z — ) = 22 — ax + q and |E14(F,)| = ¢+ 1 — a. It follows that
U = a? — gq. On the other hand we apply Theorem and conclude by combing
this with Corollary To finish, we observe that w(a/b)~1) = 1 by the definition
of w. ]

Using the hypergeometric notation we can rewrite the formula from Corollary
6.7 as

s L5 L B 202952

1
- :0,0,0/1 — S?)

»Mco

1
"9’
where we expressed ¢ in terms of S according to the relation S? = % In this form
it can be consider as a general identity between two hypergeometric functions.

7. MOTIVE DESCRIPTION

In this section we discuss how to explain a link between cohomology groups
H, = H(V;,Qy) for a suitable nonsingular compactification of V; for t € Q* and
the hypergeometric formulas identified in the previous section. In fact we prove that
there exists an effective Chow motive [?] with /—adic realisations which has the trace
formula described by (L.2). This will be the motive that we call H(®;®4, P3).

7.1. Correspondences. We denote by A the so—called K3 lattice, that is Fg(—1)?®
U3. Let n: H*(S,Z) — A be the marking of complex K3 surface S. Let M be the
moduli space of marked K3 surfaces. We have an injective period map

m: M= Q={[z] € PAc: (x,2) =0, {z,T) > 0}

such that 7((S,n)) = [n(os)] for a global holomorphic form on K3 surface S. The
pair (NS(S),Ts) is uniquely determined by a choice of this period. This implies
that if we have a map X — Y of K3 surfaces that induces a non-—zero map of
H?0(Y) — H*°(X) then this determines a unique Hodge isometry of T and Ty-.
If surfaces X and Y are defined over a number field K, then for any fixed prime
¢ we have cohomology groups H% (X7, Q¢), H% (Y%, Q¢). By the above result the
subspaces of transcendental cycles in those groups are isomorphic as Gal(K/K)-
modules by Artin comparison theorem.
Consider the Kummer surface Kum(E), E>) attached to a pair of curves (3.6)),(3.7).

It can defined as a desingularisation of a double sextic

X7 9% = (xl 2x1+1/2(17 )xl)(x§’+4:r§+2(1+.9)x2).
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We perform a change of variables v¥g: 1 = —1/2(u — Sv), 29 = u + Sv and we get
a new model

-1
Xg:y? = e (tu® + (1 — t)v*) (—2(t — 1)t((u+ 4)u + 6)v°
—8(t — Dt(u+2)v+t (t(u+4du(u+2)% +4) + (t — 1)%?).
From this model we see that Kum(E1, E») is defined over Q(t), cf. [7], §2].
Let f(T) = (T2 —2T%? +1/2(1 — S)T) and g(T) = (T2 + 472 +2(1 + S)T). We
define Xg as follows
Xo: V2= X3 —2g(x2) X%+ 1/2(1 — S)g(x2)*X

and we have a map ¥7 : X7 — Xg such that 7 (z2,y,21) = (zg(z2), yg(z2),z2) =
()(7 Y, ,’L‘Q).
We define X5 as follows
X5 : f(x1) —u?g(z2) =0

and we have a map Vs : X¢ — X5 and 6(X,Y, 22) = (X/g(x2),22,Y/g(x2)?) =
(1,22, u).
We define X, as follows

X, Y2+ X3 4+ X(16/3(—25 + 95%)u?)
—8(—=1+4 9)*(1 + S)u* +256/27(49 — 815%)ub + 512(—1 + S)(1 + 5)*u®
and we have a map 5 : X5 — X4 where
Y5 (x1, 2, u) = (A1, 22, u), B(21,22,u),u) = (X,Y,u)

A ) 2u? (21 (3(S — 1) (w2 +4) + 1631) — 12(S + 1)u? (25 + za(w2 + 4) + 2))
X1, T2, u) =

2
3zy

By, w0, u) — _%(2& (16(S + 1)2u*(25 + (s + 4) + 2)
1

— 4ty (22(S(S + 4xy + 8) + 4wy — 9)+

4(S +1)(28 — (z1 — a1 — 2) +2(S — 1)x3) + (S — Dai(S + 221 — 1)))
We define X3 as follows

X3y =a2% 4+ (16/3(—25 + 95%)u)x + 8(—1+ S)*(1 + S)u*
4 256/27(—49 + 815%)u® — 512(—1 + S)(1 + S)*u®

and we have a map 14 : X4 — X3 such that ¥4 (X,Y,u) = (- X,Y,u) = (z,y,u).
We define X5 as follows

Xy y? = 2% + (—(16/3)t3(9 + 16t))x

N 8t4(32u?((S + 1)t(32t + 108u? — 81) — 54u?) + 27)
27(S + 1)u?

and we have a map 93 : X3 — Xj such that ¥3(x,y,u) = ((t2z) /u?, (t3y)/ud,u) =

(2,y,u).
We define X is given by (3.4) and we have a map 15 : Xo — X; such that

¢2($>yau) = (x’yvuz(]- + S))
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We have two possible choices of S because S? = % and with respect to this
choice we form a map g ...0s : Xg — X7 which we call ¢»; when S = +/(t —1)/t
and ¢_ for S = —/(t —1)/t.

A minimal desingularisation of the sextic double cover Xy is a surface Xz defined
over Q(t) hence our Kummer surface Kum(E, E2) has a smooth model defined over

Q).

Lemma 7.1. Let w € Hgv(i(Xz) be a non-zero reqular form. Then the pullback
form (Y4 +¢_)*w € H*Y(Xg) is non-zero.

Proof. Explicit pullback by the composition of maps. ([

Similar corollary is proved in [31, Lemma 4.1], see also [30, §2.4]

Corollary 7.2. Suppose that Iy, and I'y_ are graphs of 1, and v _ respectively.
Then a correspondence I' = T'y, +T'y_ is defined over Q(t) and induces an isomor-
phism of transcendental part of Hft((Xg)@, Q¢) and of Hft()fg@, Q¢). This isomor-
phism respects the Galois action.

Proof. The maps ¢ and ¢_ are Galois conjugates so I' is defined over Q(¢). From
Lemma [7.1]it follows that (due to Torelli theorem of K3 surface) that the transcen-
dental parts of /-—adic cohomology of X5 and Xg map to each other. O

7.2. Transcendental part. Suppose now that ¢ € Q is such that curves (3.6|) and

do not have complex multiplication. Consider the field Q(.S) where S = \/g .

For S € Q it follows that F; and FEs are 2—-isogenous over Q and from the
construction in Section [7.1] it follows that the transcendental part of H; is three—
dimensional and isomorphic to Sym?(H 1((E1)@, Qp¢)). This is a similar situation to
31]|.
| l?Ve assume that S ¢ Q and K = Q(S). Let G = Gal(Q/Q) be the absolute Galois
group of Q and N = Gal(Q/K) its normal subgroup of index 2. Let ¢ denote the
unique automorphism in G that represents nonzero class in G/N. The module V' =
H elt((El)@7 Qy) is an N—module which is 2-dimensional. We form its symmetric
square W = Sym?V. By semisimplicity it is isomorphic to Sym?H gt((E§_2))@, Qy)
(we use the fact Sym?(xV) = x2Sym?(V) and our character is quadratic).

Module W€ is equal to SmeHét((Ef)@, Q¢). We have that EY = Eé_Q), hence
W =2 W¢. This action is the natural conjugate action of G/N on the representation
of N.

We consider the Frobenius reciprocity for a pair of groups G, H where H is
a finite index subgroup in G. For a field K and K[H] left module A and K[F]
left module B we consider the induction Ind;g_L = K[G] ®ku) A and coinduction

colnd§, A = Homy(K[G], A). Since the groups are of finite index those modules
are naturally isomorphic. Let (B, B’) be the K-dimension of Homg (B, B’) for two
K[G]-modules B and B’. Frobenius reciprocity theorem implies that

(A, Resy B)w = (Ind$, A, B)g

and complementary
(Resy B, A) = (B, colnd§, A).
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Since G over N is of finite index a G-module Ind§ W = Qy[G] Rqny W is
canonically isomorphic to coInd% W = Homp (Q¢[G], W), cf. [6, Chap. III, Prop.
5.9].

By Clifford theory, Indi is 6-dimensional and equal to Ind%W". Assume
that Ind%W is irreducible representation of G. From irreducibility assumption we
get 1 = <Ind%VV, Ind% ). Frobenius reciprocity implies that

(Ind§ W, Ind§ W) = (W, ResyInd§ ).

Clifford theory implies that ResyInd§$W = W& W?. But we have W 2 W, hence
we conclude with

1= (Ind§W, IndGW) = (W, W @ W) = 2(W, W) =2

a contradiction. We used the fact that E; is not C'M, hence W is irreducible. We
conclude that Ind%W splits as a sum of two 3-dimensional G-representations.

Proposition 7.3. Let t € Q* be such that Ey, E> do not have complex multipli-
cation. Then the transcendental part of H2 (V;, Q) is a direct summand of Ind§ W

and is irreducible as Q[G]-module.
O

In fact, for ¢ such that Fy and F5 are curves with complex multiplication the
transcendental part of H; is described in a similar way but it is only a rank 2
irreducible submodule in Sym? (Hl((El)@, Qg¢)), cf. Lemma

7.3. Definition of a motive H(®,®4, ®3). We consider the category M of ef-
fective Chow motives [14] §1]. To a smooth projective surface S we can attach
its Chow motive (S,1g,0). The diagonal [Ag] has a decomposition Z?:o m; with
projectors m; defining h;(S) = (S, m;,0). Following [14, Prop. 2.1] there is a Chow—
Kiinneth decomposition of h(S) = @h;(S). The motive ho(S) decomposes further
into h3'9(S) @ iy (S) where h3(S) is an effective Chow motive defined by idem-
ponent

P
als _ ZW € As(S x S)
h=1 h
and p = p(S) is the rank of the Néron—Severi group of S and {Dj} form an
orthogonal basis of NS(S) ® Q.

For S = V; a smooth projective K3 surface model of V; we consider a direct
summand of the idemponent w;lg which is defined by using the orthogonal basis
on the part of the Néron—Severi group of S for which we have the isomorphism to
Eg(—1)?> ® U @ (—4). This constitutes an idemponent of rank 19. For ¢, non-CM

values, for By, E, this is exactly 759 and we define in this case
H(®2®y, ®7[t) = hy'(S).
For t, a CM—value, we define it to be

[D2o % Dayg]

H(®y®y, ®F[t) = (S, 5
‘DQO

,0) & hy'(S)

where Doy is a complementary vector in NS(S) ® Q which complements the vectors
forming a Eg(—1)? @ U @ (—4) subspace.
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Theorem 7.4. Let t € Q* and consider an f-adic realisation of the motive
H(®y®4, ®3|t). Then the trace of geometric Frobenius at almost all primes p # ¢
is given by Hy(%,3,3;0,0,0[t).

Proof. We combine Corollary with formula and observe that the sum on
the left in Corollary exactly corresponds to the trace formula of the complement
of 19 cycles in NS(V;) corresponding to the sublattice Eg(—1)2 & U @ (—4). O

8. REMARKS AND QUESTIONS

8.1. Universal family over X;(2). We consider a modular curve Xy(2) as the
moduli space of pairs (E, E — E') where F is a general curve E : 4% = 2% +ax? +b
with a two—torsion point and E — E’ is the induced two-isogeny to E' : 32 =
23 — 2ax? + (a? — 4b)x. The forgetful map j : Xo(2) — Xo(1) is j((E,¢)) = j(E).
If we put u = a225_62b then we have j(u) = (ufﬂ.

We observe that

j (_64(1115)> =jy* =2° — 22" + 1/2(1 — s)z)

and
. 764(—1 + )
J 1+s
—a®18b
a2

> = j(y? =23 + 422 + 2(1 + 5)2).

and hence if we put s = then we get the j-invariants of curves F; and FEs

t—1

respectively. We can pick a rational parameter ¢ = 1‘174)b then s2 = ;

6(a?—4b

Question: Can we use that to give a general hypergeometric trace formula for
any K3 surface attached to a pair of two—isogenous curves?
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